denotes the direct sum of t copies of M.) Power cancellation can hold for various reasons. For example, if D is a Dedekind domain, any finitely generated module satisfies cancellation (that is, t = 1). If R is a Z-order in a separable Q-algebra, it follows from [12] that power cancellation holds for i?-lattices. The author [10, 11] extended this to module finite algebras over Dedekind domains satisfying the Jordan-Zassenhaus Theorem (without the lattice assumption). See also [14, 15, 16, 21] for relevant examples as to when power cancellation does and does not hold.
The goal of this article to find necessary and sufficient conditions on an integrally closed commutative integral domain D such that for any X in Mod f S with S a module finite D-algebra, X satisfies power cancellation. It turns out that the relevant property to study is power substitution: X e Mod R satisfiesl power substitution if whenever M e Mod R (not necessarily finitely generated) has a decomposition M = A(BX 1 = B(b X 2 with X γ = X, then there exists a positive integer / such that A {t) and B (t) have a common complement in M (r) . Goodearl [8] showed that this stronger property depends only on E = End Λ X and is equivalent to a stable range condition on E. He used this idea to extend [12] and prove that any X e Mod f S satisfies power substitution for S a finite rank Z-algebra (see §4).
Recall that one is in the stable range of a ring R if whenever ax + b = 1 in i?, there exists y e R such that a + by is a unit in R. (This definition is left-right symmetric). It is worth noting that (2) need only be checked for S SL commutative order in a semisimple algebra and for X an ideal of S.
Following Goodearl [8] , we say a D-module M has finite rank if there is a bound on the number of generators required for all finitely generated submodules. Note this is equivalent to the usual definition for torsionfree modules (where rank n means
If D is a Dedekind domain such that the unit group of D/bD is torsion for all b Φ 0, then it follows (see Theorem 3.5) that D satisfies Theorem A(l). This allows us to extend [8, Theorem 4.12] and answer [8, question 6E] See [4, 17, 20] . Let PicZ) denote the group of projective rank one modules (under tensor product). = N (t) for some t > 0.
THEOREM C (Torsion Genus
In fact, it suffices to check condition (3) for S a commutative order in a semisimple algebra and M V S. Note that any Dedekind domain satisfying the Jordan-Zassenhaus Theorem also satisfies condition (1) [11, Theorem 2.4] . Also one can replace the isomorphism condition in (3) by M is locally isomorphic to a summand of N. The conclusion would then be that M (t) \N (ί) for some t. The article is organized as follows. In §2, we give an example to show power cancellation implies a stable range condition. The proofs of the main theorems and some consequences are given. Finally we consider when cancellation holds and some connections with the Jordan-Zassenhaus Theorem.
All rings have 1 and, unless stated otherwise, all modules are unital right modules.
I would like to thank D. Estes and L. Levy for several helpful discussions and the referee for his careful detailed comments. 
Suppose β, y e S and zy + a = yβ + a = I in S. (a) M(β) Θ S = M(l) Θ S as S[x]-modules (here we identify S with S[x]/(x)). (b) // S is commutative, and T = S[x]/(x 2 -ax), then M(β) is a projective rank one T-module and M(β) <8> τ M(y) = M(βy).
Proof, (a) is just a restatement of Lemma 2.1(b). The first statement of (b) is determined locally in which case it follows from Lemma 2.1(a) and the observation that M(\) = T.
Now let e γ ,e 2 and f v f 2 denote the standard bases for M(β) and M(γ), respectively. Set g λ = (e λ + ye 2 ) ®/ x and g 2 = e 2 <S> f 2 . Then it can be verified locally that g x , g 2 is an i?-basis for M(β) ® τ M(y) and with respect to this basis x acts via the matrix ({J ~^γ). Thus (b) holds. PROPOSITION 
Assume S is a module finite extension of a commutative ring R and yβ + a = 1 in S. Let f(x) be a monic polynomial in R[x] of minimal degree with f(a) = 0. Set T = S[x]/(xf(x)). (a) If S (considered as a T-module) satisfies cancellation, then β + za is a unit in S for some z in S. Now assume R = S (andso f(x) = x -a). (b) // R (considered a T-module) satisfies power cancellation, then β* + za is a unit for some t > 0 and some z.
( We can now prove Theorem A which is included in: It is perhaps worth noting that the proof of Proposition 3.2 actually gives a bit more than Theorem A. PROPOSITION 
Let D be an integrally closed domain with one in the stable range of D. If S is a module finite D-algebra and M, N e Mod S and X G Mod f S with M Θ X = N Θ X, there exists ίeΰ such that M Θ D D[θ] = N ® D D[θ] as S ® D D[θ] modules. Moreover, M (t) = N {t \ where t is the degree of the minimal polynomial for θ over D.
Proof 
Finite rank algebras.
In this section, we extend Theorem A for D a Dedekind domain to finite rank D-algebras. A D-module M has finite rank if there is a positive integer t such that every finitely generated submodule can be generated by / elements. This extends [8, Theorem 4.12] and answers [8, Question 6E] affirmatively. Our proof follows that in [8] for D = Z except in the case of a prime torsionfree algebra; in this case, even for Z, the proof given here is shorter. The main idea of the proof is to reduce to the case of a module finite algebra over a larger Dedekind domain. We need two preliminary results. LEMMA 
Let D be a Dedekind domain with quotient field K. If E is a subring of K containing D, then E is also Dedekind. Moreover, if D is TJ-irreducible, so is E.
Proof. The first assertion is well known. (It follows easily from [22,
. We claim V = C + bV\ this can be checked locally. So let P be a prime ideal of C. If V p = C P , it is certainly true. If V P Φ C P , then V P is a field and so V P = bV P . Hence a = c mod bV and x = y mod bV for some c, y e C. Now cy + z = 1 for some z ^ bV Π C. Since D = C is tZ-irreducible, c = u mod zC for some unit u in C Thus a = c = u mod feE. Hence one is in the stable range of E, and so E is .. ,a t ^ S. Now SZ" = ΣZ"a t for Z" a finitely generated Z-subalgebra of Z". Thus SZ" is a finitely generated Z "-module and hence is a finitely generated Z-module. Since S is a finitely generated Z-subalgebra of SZ", S is also a finitely generated Z-module (cf [4, Lemma 2.1]). Now (1) follows by the Artin-Tate Lemma (cf.
[11]). Let C = {x e Z\ z is separable over K}. Then Z q c C for some power q of the characteristic K. Since Z is finitely generated over D, Z is module finite over C. Moreover, C is a finitely generated D-algebra by another application of the Artin-Tate Lemma.
We can prove Theorem B in the prime torsionfree case. The next result shows that Pic D is trivial whenever it is torsion.
